We derive an analytical description for quantum state preparation using systems of on-off detectors. Our method will apply the true click statistics of such detector systems. In particular, we consider heralded quantum state preparation using correlated light fields, photon addition, and photon subtraction processes. Using a post-selection procedure to a particular number of clicks of the detector system, the output states reveal a variety of quantum features. The rigorous description allows the identification and characterization of fundamentally unavoidable attenuations within given processes. We also generalize a known scenario of noiseless amplification with click detectors for the purpose of the preparation of various types of nonclassical states of light. Our exact results are useful for a choice of experimental parameters to realize a target state.
I. INTRODUCTION
The measurement and generation of photons is one of most challenging tasks in nowadays quantum optics. Since the photon can be considered as the carrier of information, it plays a fundamental role in quantum information and quantum communications [1] . The generation of single photons is typically described by conditional measurements of quantum correlated light fields with single photon detectors [2] [3] [4] [5] [6] [7] [8] [9] . The sophisticated task is to find a proper device that can detect -at least in a good approximation -single photons. Among other approaches, e.g., [10] [11] [12] [13] , an avalanche photo diode in Geiger mode is an experimentally accessible device, being close to a single photon counter [14, 15] . However, this detector not only produces a click signal in the case of a single incident photon, but also when multiple photons have been absorbed.
A possible way to partially overcome this ambiguity is given by a joint measurement of a signal with multiple click detectors. One implementation is given by so-called multiplexing detection schemes, see, e.g., [16] [17] [18] [19] , and another one employs detector arrays, see, e.g., [20] [21] [22] . In both scenarios, the incident light is split equally into N modes, and each mode can be measured with one of those on-off diodes. The probability c k for a total number of k clicks is described through the click counting distribution [23] ,
with k = 0, . . . , N denoting the number of clicks, N being the number of on-off detectors, η the quantum efficiency, * Electronic address: jan.sperling@uni-rostock.de and : : denotes the normal ordering prescription. Based on the variance of these statistics, it is possible to identify in theory and experiment nonclassical, i.e. sub-binomial, light [24, 25] . A source of correlated photon pairs together with the considered class of detectors can be used, for example, to identify spatial correlations [26] [27] [28] or to perform a detector calibration [29, 30] . Moreover, these states allow one to predict the presence of a photon in one mode, if a photon is detected in the other one. For the first time, this so-called heralded generation of single photons has been experimentally realized in Ref. [2] . Recent developments led to a further enhancement of this kind of single-photon source [3] [4] [5] [6] [7] [8] [9] . Other protocols to manipulate quantum states in theory and experiment in the single photon regime are known as photon addition and photon subtraction [31] [32] [33] [34] [35] [36] [37] [38] [39] . These engineering protocols can be also used to add or subtract several photons [40, 41] or to probe experimentally fundamental commutation relations [42] . Another prominent example for controlled state manipulation is noiseless amplification [43] [44] [45] [46] [47] . All these engineering processes are able to enhance quantum properties, such as entanglement, for applications in quantum information science, see, e.g., [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] .
In the present contribution, we study the quantum state engineering for conditional measurements with onoff detector systems. We will consider three schemes. First, the conditional measurement in one mode of a quantum correlated bipartite states. Second, a multiphoton subtraction protocol, and, third, a multiple photon addition process. In all scenarios, we consider imperfect detectors for a realistic description of the underlying physical situation. As an example, we study a noiseless amplification scenario and apply it to the conversion of coherent light into different types of nonclassical states.
The paper is structured as follows. In Sec. II, we consider the heralded quantum state manipulation by measurements with on-off detector systems. In Secs. III
arXiv:1403.1044v2 [quant-ph] 19 Apr 2014
and IV, we describe the multi-photon subtraction and addition processes, respectively, applying the same detection process. A combination of addition and subtraction yields the noiseless amplification procedure, which is applied in Sec. V to the engineering of nonclassical states. We conclude in Sec. VI.
II. HERALDED STATE PREPARATION WITH CLICK DETECTOR SYSTEMS
Let us start with the heralding scheme, see Fig. 1 . A quantum correlated light field may be generated by a parametric process in order to certify a photon-photon correlation between two modes: A and B. In this scenario, one part of the radiation field (mode B) is measured with a click detector system. In such a detector the incident light beam is split into N output states with equal intensities. Each of the resulting beams is measured with a single avalanche photo diode. The joint number of clicks k yields the click counting statistics c k in Eq. (1), for k = 0, . . . , N . The remaining part of the field (mode A) is further processed, solely if k clicks have been measured in mode B. Before we start, let us briefly review some properties of a click counter as a photon number resolving device. The click counting statistics in Eq. (1) is the quantum analog to the binomial statistics. Whereas the true photon statistics of a quantum stateρ is given by
for k = 0, 1, 2, . . . -resembling a Poissonian form [59, 60] .
In previous works, we have shown that the binomial form requires a reformulation of nonclassicality conditions [24, 28] . Moments of the click counting statistics can be used to identify quantum correlations -even between multiple detector systems. Moreover, an extension to general photon absorption processes led to the description of on-off diodes working in a non-linear interaction regime, e.g., two-photon absorption. Similarly, it allows the description of noise models, e.g., dark counts. It is worth mentioning that the click counting statistics approaches the photoelectric counting theory in the limit of an infinite number of avalanche diodes, N → ∞.
Since we aim to describe protocols for quantum state engineering, it is important to describe the click counting statistics in terms of a positive operator valued measure (POVM). In general, the POVM element, with c k = Π k for 0 ≤ η ≤ 1, can be written aŝ
Hence, all POVM elements can be written as a linear combination of the operator
for different values of λ. Using the D-symbol, cf. Appendix A, we get
In the following, we are going to use this representation for conditional measurements. A general, bipartite input stateρ in is given in Fock basis expansion aŝ
ρ p,q,r,s |p q| ⊗ |r s|.
Using the POVM elementΠ k for k clicks, we find
This result already represents the output state -triggered to k clicks -of the scheme in Fig. 1 for N diodes, including the quantum efficiency η.
As an example let us consider a two-mode squeezedvacuum state undergoing a full phase diffusion,
with 0 < ω < 1. Interestingly, although this state is considered to be classically correlated with respect to a number of notions of quantumness, it has been shown to be two-mode quantum correlated [61] . In Fig. 2 , we show the photon statistics p n of the heralded output states in Eq. (7), depending on the number of clicks k of the detector,
The aim to generate a k-photon state by a post-selection is properly approximated even with a finite quantum efficiency, η < 1. Note that the photon distribution is normalized to one for each number of clicks k. The contribution of higher photon numbers is not negligible for larger values of k, however it can be reduced by increasing the number of diodes. In the limit, N → ∞ and η → 1, the output state would be a perfect k-photon state, cf. Appendix B. 
III. MULTI-PHOTON SUBTRACTION
The idea of a single-photon subtraction is the implementation of the operation:
Such an operation is a classical one, cf., e.g., [62] . Applying this operation k times would yield a k-photon subtraction. We aim to formulate this operation within a single detection process with detector systems of multiple on-off diodes. For this reason, we study the scenario in Fig. 3 . A light beam enters one input of a beam splitter -vacuum is supposed at the other input port. The transmissivity and reflectivity of the beam splitter are t and r, respectively, with t 2 + r 2 = 1. Note that, without loss of generality, t and r can be chosen to be positive real numbers. An on-off detector system is applied to measure one of the outputs (mode B). We post-select those output states in mode A, which corresponds to k clicks of the detector. Let us start with a coherent input field |α . The beam splitter transforms the input field aŝ
which yields an output of
We perform a partial trace withM (λ), cf. Eq. (4), in the second mode. Hence, we get a resulting state as
Let us note that the scaling t of the coherent amplitude α can be understood as a loss process.
A general input stateρ in may be given in the GlauberSudarshan representation [63, 64] aŝ
then a loss operation Λ (loss) t can be written as
with the scaled P function:
Using the decomposition in Eq. (3) together with Eq. (13), we get for the conditional measurement of k clicks,Π k , the output state:
with an effective efficiency of
where we used the property of the D-symbol that it vanishes, D −η ,η k,m = 0, for m < k, cf. Appendix A. The process in Eq. (17),ρ in →ρ k,out , describes the k click conditioned measurement protocol in Fig. 3 . The output state,ρ k,out , is normalized to the probability trρ k,out to have k clicks.
Let us note that the process in Eq. (17) not only subtracts k photons. It also includes higher numbers of subtractions. Moreover, the output state undergoes a loss process Λ (loss) t . This feature is a consequence of the process itself and not a result of the imperfect detector, since it is independent of the quantum efficiency η.
In Fig. 4 , we study this quantum process for a thermal input field,ρ
with a mean photon numbern. Applying the loss process Λ (loss) t is equivalent to a scaling of the mean photon number:n 0 = t 2n . The output P function triggered to a k click event is
cf. Appendix C, where we additionally give analytical expressions for displaced thermal states. The plots of P out in Fig. 4 are additionally normalized to one, d 2 α P out (α) = 1. The number of individual click diodes, N = 16, corresponds to a 4×4 array detector or to a multiplexing detector with a depth d = 4, N = 2 d , with a quantum efficiency of 80%. Since the considered process is a classical one, the Gaussian input state is deformed into another classical (non-negative) output distribution.
IV. MULTI-PHOTON ADDITION
So far, we adapted the photon-subtraction protocol for measurements with on-off detector systems. Another fre- quently studied operation is a single-photon addition:
The photon addition is known to be a nonclassical process and, hence, can be used to generate nonclassical output states from classical inputs, cf., e.g., [39] . Now, let us study this operation for click counting devices. In Fig. 5 , a scenario for multi-photon addition is outlined. An incoming signal is combined with an externally pumped parametric process, which generates two output beams. In particular, blocking the signal, a pump photon will generate two output photons propagating in different directions. If one of the photons is measured with an on-off detector system in this case, the corresponding twin photon is propagating in the other spatial mode. In the general case of Fig. 5 , the signal field undergoes a parametric amplification process and we post-select the output states to k clicks of the detector.
First, we consider a coherent input field |α and the operatorM (λ) only. After the treatment of this special case, we generalize our result to arbitrary states and click POVM elements. The considered mixing process is described by the squeezing transformation [59, 60] S = e ξâ †b † −ξâb ,
where we can assume that ξ is a real and positive number. The input fields are transformed aŝ with µ = cosh ξ, ν = sinh ξ, and µ 2 − ν 2 = 1. The coherent input state may be written as
This yields an output state in the form:
Here it is useful to apply the well-known BakerCampbell-Hausdorff formula: exeŷ = e 
For further considerations, it is useful to have a closer look at the normally ordered term. It turns out that this expression represents a displaced thermal state
Hence, the P function of a general input state has to be convoluted with this noise prior to the addition process itself,
Is is also worth mentioning that the coherent amplitude of the input state is amplified by the factor µ.
For the particular measurement ofΠ k in the form of Eq. (3), we get the output state aŝ
with a resulting efficiency of
The general input-output relation in Eq. (30) is the quantum description of the process in Fig. 5 . Again, the output state is normalized to the probability trρ k,out to have k clicks at the detector system. The attenuation given by Λ (noise) µ is due to a mixing of the input field with vacuum in the non-linear medium, and not the result of detector imperfections. Let us also mention the similarity to the subtraction process. The input-output relations in Eqs. (17) and (30) share the same formal structure, except for an exchange of annihilation and creation operators as well as an exchange of a loss process with an amplification introducing thermal noise. Moreover, even the no-click count event can be of some interest, cf. [65] . For k = 0 the process in Eq. (30) maps a coherent input -up to a normalization constant -to a displaced thermal state, see Appendix C. From the variance σ 2 of the thermalized output P function, one can directly compute the squeezing parameter ξ,
1 + ην 2 and ν = sinh ξ.
As an example for the addition protocol under study, we will show the output for the thermal input state in Eq. (19) . The noise convolution yields -as a convolution of two Gaussian functions -an effective noise contribution ofn 0 = µ 2 (n + 1) − 1. The k click conditioned state in Eq. (30) may be written in normally ordered form aŝ
see also Eq. (27) or Appendix C, where the more general example of a displaced thermal state is presented. The P function can be easily extracted from an expansion of the kth power and the relation (λ > 0):
For different numbers of clicks, k, we observe different numbers of oscillations within the output P function between negative and positive values (Fig. 6 ). Hence, we directly verify the nonclassical features of the considered process. The quantum correlated output states introduce a new class of nonclassical states with a regular P function. Similar to the prominent single-/multiphoton added thermal states [31, 34] , these states may be denoted as k-click conditioned thermal states. 
V. BEYOND NOISELESS AMPLIFICATION
So far, we studied processes conditioned to a measurement of k clicks with systems of avalanche diodes. Now, we can study a manifold of combinations of these individual procedures. A prominent example is an operation which applies one addition followed by a subtraction:
It represents a noiseless amplification protocol as it has been experimentally realized in Ref. [46] . In the limit of small coherent amplitudes, |β| 1, this process acts like
i.e., we have a gain of two in the coherent amplitude without the addition of noise. For a recent study on quantum limits of amplification protocols, we refer to Ref. [66] . Let us consider the generalization of this process to a combination of a k 1 -photon addition followed by a k 2 -photon subtraction. Applying click counting detectors means that the scheme in Fig. 5 is combined with the setup in Fig. 3 . This leads to the process depicted in Fig. 7 . We are going to study the output states which correspond to k 1 clicks of the first and k 2 clicks of the second detector.
FIG. 7: (Color online)
A combination of an initial addition followed by the subtraction of photons with click counting detectors is shown. The first detector D1 consists of N1 diodes with a quantum efficiency of η1. The second detector D2 consists of N2 diodes with a quantum efficiency of η2. The final outcome is conditioned to k1 clicks of the first and k2 clicks of the second detector.
Let us study the scenario of quantum state engineering based on the full process description, as a generalization of the noiseless amplification process. In Secs. IV and III, we gave the corresponding input-output equations of the individual processes. Hence, we obtain after some algebra that a coherent input state |β is mapped to the output P function: Both detectors consist of the same number of diodes N1 = N2 = 4 with identical quantum efficiencies of only η1 = η2 = 0.5. The parametric process is described by µ = 3/2 and for the beam splitter holds t = 2/3. The number of the row is equal to the number of additive clicks, k1 = 1, 2, 3, 4, whereas the column counts the subtractions, k2 = 0, 1, 2, 3. A dark orange color represents a highly negative contribution, whereas gray depicts positive parts of the P function.
which is normalized to the probability that k 1 addition and k 2 absorption processes have been realized simultaneously. The occurring coefficients are
We therefore get for a general input state, P in (β), the output state aŝ
Note that some terms in Eq. (37) can lead to δ-shaped contributions, if the denominator of the coefficients become zero. However, this only occurs in the unphysical case η 1 → 100% (for ν, t = 0). In Fig. 8 , the output P function for a coherent input state is given. The first row corresponds to k 1 = 1 click realization of a (k1, k2) conditioned output state. The rows are numbered by the addition clicks, k1, and the columns by the subtraction clicks, k2. The measurement is done for the same parameters as in Fig. 8 . and the last row to k 1 = 4 clicks of the click addition part. The first column represents k 2 = 0 clicks and the last column k 2 = 3 clicks of the subtraction. It can be directly observed that all these engineered phase-space distributions exhibit nonclassical features (orange, negative contributions). The higher the number of clicks k 1 the more negative interference fringes appear. In contrast to the nonclassical click addition, the subtraction diminishes these quantum features together with a deformation of the positive (gray) contributions. The given examples clearly show that the considered setup renders it possible to prepare various nonclassical states with different types of quantum interference effects. The probabilities for the realization of the individual click combinations are listed in Table I . Our general theoretical treatment enables experimentalists to predict and generate various nonclassical states in arbitrary ranges of parameters. As shown, the same experimental setup can lead to many different forms of nonclassical correlations even with asymmetric phasespace distributions. For an easily accessible, coherent input state the process led to quantum states with a regular P function, contrary to the idealized noiseless amplification process in Eq. (35) . This allows a direct sampling of the P function from experimental data which have been measured, for example, by balanced homodyne detection, cf. [34] . Let us also note that the plots in Fig. 8 have been obtained for a quantum efficiency of only 50%. In the case of the photoelectric counting theory, the low efficiency domain can be used for the realization of quantum-mechanical weak values of observables [67] .
Finally, let us outline possible generalizations of the presented schemes. First, various combinations of heralding, addition, and subtraction scenarios with click counting detectors could be combined. Second, one can condition the output not to single click events, but to multiple ones. The resulting state is a mixing of the individual output states for different numbers of clicks. Similarly, one can withdraw only a certain percentage of states which are realized. This would allow one to steer the mixing ratio between different numbers of clicks. Third, at one input port of the addition and subtraction protocols vacuum was considered. A straight-forward extension of the presented approach could use this free port, e.g., for ancilla states as they are applied in some amplification scenarios. Fourth, additional features may appear when generalized detection processes are involved, e.g., two-photon absorption within the diodes, cf. [28] . Similarly, arbitrary noise models may be included at any stage of the protocol description. Moreover, a propagation in non-linear media, e.g., in fibers, or higher order wave mixing may further enhance the applicability of click detector systems for quantum state engineering.
VI. CONCLUSIONS
In conclusion, we have derived analytical input-output relations for the application of on-off detector systems in quantum state engineering. This includes the use of a single avalanche photo diode up to any number of diodes in detector arrays or multiplexing schemes. Based on the click counting statistics of such detector systems, we could derive a proper description of several protocols and arbitrary input states. First, we considered the heralded photon generation describing the fundamentals of our approach, e.g., the positive operator valued measure for click counting. Second, we studied two prominent processes: photon addition and photon subtraction. The click triggered outcome of these processes have been derived for arbitrary input states in terms of input-output relations.
As explicit examples, we studied displaced thermal states serving as an input. This led to another class of click-conditioned displaced thermal states. As a combination of addition and subtraction, we considered a noiseless amplification protocol. We showed for this example a manifold of new quantum states having nonclassical features which can be directly generated by a post-selection to particular click numbers. Additionally, we computed the probabilities for the occurrence of the desired output states of these non-deterministic processes. Throughout the present work, we consistently included the quantum efficiency of the detection process. The occurring efficiencies of the diodes have been studied in high and low efficiency regimes. The approach also revealed unavoidable attenuation of the process which has to be taken into account. Our results present a useful scheme for the choice of experimental conditions in order to realize tailor-made nonclassical states with systems of on-off detectors.
Expanding the kth power, we get the representation:
From the computational point of view, a recursion relation is a practicable tool. The initial values can be readily obtained as
The recursion relation is derived as
Note that this relation and the initial values imply that 
Appendix B: Error estimation
We are going to derive an upper bound to the error one would obtain if a Poissonian measurement is applied instead of the binomial one. The standard photoelectric counting theory is based on the POVM elementŝ
for k = 0, 1, 2, . . . and the quantum efficiency η. The deviation between the expectation value tr(ρΠ k ) for k clicks, cf. Eq. (5), and tr(ρP k ) is
where we applied Hölder's inequality. Since the trace norm is ρ tr = 1, we get an upper bound of the deviation by the operator norm P k −Π k Op . This norm can be calculated by
, because both,P k andΠ k , are diagonal in a common basis. Note thatΠ k →P k for N → ∞, see [23] for the corresponding statistics, which implies that P k −Π k Op → 0. For η → 1, we would additionally get the k-photon projector:P k → |k k|.
Appendix C: Click conditioned displaced thermal states
We consider -as input states for the addition and subtraction -the class of displaced thermal states, which can be given by some equivalent representations: Let us now focus on the addition protocol. We conclude from Eq. (27) that the state |α is mapped to N k For the computation of the results, we used the following simple relations: the relation between the normal ordered representation and the P function of thermal states (0 < λ 2 < 1), 
